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    Abstract: Chaos in nonlinear dynamical system is roughly defined as the 

presence of extreme sensitivity to perturbations, the problem formulation of  

a non linear control problem in the presence of system chaos and 

perturbation have been presented. The necessary condition for 

controllability, solvability and stabilizability has been developed. The linear 

state feedback controllers with certain requirements have designed via 

Lyapunov's second method approach so that the chaotic system behavior is 

modified into the stabilized one. Illustrations are implemented with rate of 

convergence requirements. 

 

I. INTRODUCTION 

The chaos control appears as an important topic in all the 

branches: chemistry, biology, medicine, genetic, economics, 

social- Ogy, etc. [1],[2]. The control of chaos is commonly 

used in the area of dynamic system and control theory in the 

presence of system perturbations and chaos. The methods of 

control of deterministic systems with uncertainty/ 

perturbation, chaotic behavior is very important in the non 

linear dynamical system theory and control. Many researches 

concerning this field can be found in the literatures of [3] 

[4],[5],[6]. Application of chaos on Chua/ dynamic system 

(circuit) by introduce a suitable method is given by[7], on 

hidden twin attractor and bifurcation in the chua's circuit have 

been using a new attractor, called hidden attractor, in the 

well-known chua's circuit, whose basin of attraction does not 

contain neighborhood of any equilibrium can be found  

[8],[9],[10]. 

The Liu chaotic system with feedback controller is 

presented in [11], the author has used feedback coefficients of 

the controller system, Lyapunov exponent’s spectrum as well 

as bifurcation diagram. Finite time control of chaotic Cellular 

Neural Network have been discussed in [8]. Based on the 

pervious literatures, some results on control of chaotic system 

have been developed.  

The chua attractor’s chaotic oscillator synchronization and 

masking communication circuit are designed and simulated in 

[12]. The robust synchronization problem of a 3D chaotic 

system by using the active control technique have presented 

by [13] with numerical illustration using linear control gain 

matrix. Based on the above discussion, we present a general 

tracking control scheme based on the jacobian matrix, to 

ensure the uniformly asymptotically stability have been 

presented in [14] 

Based on the previous literatures and discussion, the 

controlling of chaotic behavior of a non linear state/ uncertain 

dynamic system using linear state feedback controller have 

been developed via a Lyapunov function approach and some 

requirements on nonlinear system uncertainty  with a suitable 

illustrations and discussion supported by the necessary 

mathematical justifications. 

 

II. SOME BASIC CONCEPTS 

The following mathematical definitions of discrete dynamic/ 

continuous system are needed later on. 

Definition (2.1) [15]:  

Let  be an interval, and suppose that . Then   has 

sensitive dependence on initial condition at x or just sensitive 

dependence at x if there is an  such that for each , 

there is a y in  and a positive integer n such that 

and , where 

, n-times 

Definition(2.2)[15]:  

Suppose that  is an interval and . Then T is transitive 

if for any pair of non-empty open intervals U and V that lie 

inside , there is a positive integer n such that 

 . 

Definition(2.3)[15]:  

Let  be in the domain of T. Then  has period n if  

 .  

Definition (2.4)[15]:  

Let  be a bounded interval , and  continuously 

differential on . Fix , and let  be defined by  

 

Provided that the limit exists. In that case ,  is the 

Lyapunov exponents of  at . 

Definition (2.5)[15]: (chaos in the sense of Li and York) 

A function  is chaotic if it satisfies at least one of the 

following conditions: 

i.  has a positive lyapunov exponent at each point in its 

domain that is not eventually periodic  

or 

ii.  has sensitive dependence on initial conditions on its 

domain 

Definition(2.6)[15]:  

A function  is strongly chaotic if it satisfied the 

following conditions: 

(i) T is chaotic  

(ii) T is transitive  

(iii) T has a dense set of periodic points. 

The following theorem is adapted in what follows: 
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Theorem (2.7) [16]: 

Consider the system    with    . 

Suppose also, that there exists a scalar function  which has continuous first partial derivatives. If   satisfies the  

following  conditions: 

i) is positive definite,  and     

ii) ,  for all  , and all t, where  is continuous, non-decreasing scalar function, such that . 

iii) The total derivative  is negative for all , and all t or 

 , for all  and all t, where  is continuous, non-decreasing scalar function, such that 

.  

iv) There  exists  a  continuous non-decreasing function such that  for all t, .   

v)   approaches infinity as  increases indefinitely, or   as  

Then, the origin    of   the above   system     is uniformly asymptotically stable in the large. 

Remark(2.8)[17]: Let  A  be  a  real  symmetric positive  definite   matrix    and    and  be   the  smallest   and  

largest  eigenvalues  of  A,  respectively,  then 

 
 is the i-th  component  of  x.  

 

III. PROBLEM FORMULATION 

Consider 

 (1) 

Where , f  is nonlinear suitable function such that 

  and is known 

Where , and  and  are positive quantity that will be designed later on.  is known  matrix,  is 

known   matrix and  is ,  is  unknown matrices that will be defined later on  and , 

where 

                                      (2) 

The following result has been developed 

Theorem (3.1): 

Consider the system defined by (1),(2) 

Let , , , where  

1) The nominal linear System  is completely state controllable, i.e.  Rank( ) =n  ,for 

Where  

and hence the control vector  is designed as   ,such that the nominal linear closed-loop system has a spectrum 

set  } for a given   

2) The Riccati equation  has a unique solution  for an arbitrary  

3)  

4) If the following inequality   

 
Then the non linear perturbed dynamic system is uniformly asymptotically stabilized in the large via a linear state feedback 

controller  and condition (4) is satisfied in the class of uncertainty 

  
Proof: 

Since   

  

 

 

 
Since the nominal system is controllable, then it is possible to solve condition (2) so that the spectrum set can be arbitrary 

located in any region of complex plane , and if the condition (4) is satisfied and thus, one obtain   
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From theorem (2.7) and bounded of the perturbations and nonlinearity and theorem (2.8), the following are obtained  

       (4)                                               

if 

         (5) 

Then  which are selected with class  

  
hence the system is stablized. Since  when P is found by condition (2), and  

  

Let                                                          (6) 

                                                                  (7)                          

and  

1)  Since  and   

2) The equations  (6) and (7) lead to conditions (ii-iv) of theorem (2.7) are satisfied then the system is uniformly 

asymptotically stable in the large. 

3) Since  by (5) and  is contains non-decreasing scalar function with  and hence the condition 

(iii) and (iv) are satisfied. 

4) Since  

Hence, by theorem (2.7), the system (1) is uniformly asymptotically stablized in the large by using  under the condition 

(5), where P satisfieds condition (3) of theorem (2.7), in the class(h). 

Remarks (3.2) [18]: (criterion for best choice of selection Lyapunov function) 

1-Let us assume that the equilibrium state is the origin of the state space and define   

                                                                                                   (8) 

is called rate of convergent in the case  for , equation (17) gives an indication of how fast the system 

approaches its equilibrium state by integrating both sides of (17)                                                                       

(9)  

Where  corresponds to the initial value of  V starting at  at . One can write the minimum of the ratio  

 as  or                   (10)  

Which is then equivalent to                                       (11) 

2-Since  is a measure of the state system at any given instants or they can be regarded as a measure of distance in the state 

space and it is interpreted as the distance from origin, thus ,  gives on estimate of how fast 

equilibrium is approached, and the target time constant   relative to the changes in the  and longer value 

of  gives faster response to equilibrium points depending on a given   

3- For calculation  for linerized system  , where  vector and  

define the Lyapunov function      

where  is solvable for  under a suitable conditions on . A definition of  is equivalent to 

equation (10) is then   by using Lagrange multiplier. Let    be the Lagrange multiplier  

 
Then minimizing  with respect to x implies that the minimum occurs at a value of x such that 

                                                                   (12) 

Therefore  Which is a minimum if  is. But in equation (12)  is an 

Eigenvalue of the matrix , hence  is the minimum eigenvalue of   such that  .[9] 

Based on the remarks (3.2) and the problem formulation, the following Lemma is developed 

Lemma (3.3): 

 Consider the system (1) with theorem (3.1) if conditions (1),(2),(3)and (4) are satisfied then ; 

, on  is 

found such that  

,  
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Proof:   

Since  

 
By theorem (2.8) one can obtained the following on some positive value as follows: 

                                                                       
(13) 

From Remark (2.7) we have that  

   (14) 

and by equation (10)           

  (15) 

Which is equivalent to   on   , where ={ } 

for a given  and  from the condition of the theorem (2.9) 

=             (16) 

On ={ } 

The solution can be found by using any direct unconstrained optimization. Therefore  

 
if and only if ,  and hence the rate of convergent is found to be  

 

IV. ILLUSTRATION (1) 

Consider the system model of CNN 3 cell model as follows, for more details one can see [13]: 

                                                     (17) 

The simulated result of CNN system based on Lyapunov exponent is presented by the following table (1). where the numerical 

results of Lyapunov exponents are founded by using the computation algorithm design in [14] 
Parameters  Parameters value Lyapunov exponents  Values 

    

    

    

 0 Initial condition 

 

1,1,1 

Table (1) the parameters and the Lyapynov exponent of CNN system 

As one can see from the following graphs, the chaotic behavior is appeared and  is defined may be as 
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Fig(1) the chaotic attractors of CNN in 3D and with time 

 
Fig (2) the Lyapunov exponents of CNN system before controlling 

Since the system has a chaotic behavior, the results of the main theorem is then applied to satisfied this system and to improve 

its qualitative behaviors. 

 Chaos Control for CNN perturbed system 

 Consider chaos CNN (3) with  in . The goal is to design linear feedback controller to achieve uniformly 

asymptotically stable in the large of original equilibrium system in the presence of system uncertainty and chaos: 

   (18) 

Where   

 ,  

Based on the theoretical result the following design steps for this system are given as:   

Step 1: no perturbed 

 Define the nominal system with , then the nominal system becomes 

 
Since the system is completely state controllable select  such that  

} for a given 

 

Let the desired poles   be given by: 

, then 

 = , hence by [44], one find  

                                                                                            (19) 

Now determine the value of , as follows: 

,                      (20) 
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Now determine the transformation matrix which is given by ,  where C is the controllability matrix  

, and  , hence 

, on using (19) and (20), the gain matrix k of the feedback controlling  is found to be  

  then      (21) 

 
then the closed loop system of  (18), becomes 

          (22) 

Based on theorem (3.1), one can find P as the solution of the following  

Find P which is the solution of  Riccati equation: for a given ,  and 

, thus  

, with 

 
then 

, for  

By condition (5)  

 
The following numerical simulations and graphs are showing the stability solutions and as follows: 

 
Fig (3) shows the stability of CNN after controlling 

The Lyapunov function plots as a function of states  and  versus the time is then computed as follows: 

 
Fig (4) shows the Lyapunov function stability 

The design parameters that ensure the uniformly asymptotically stable in the large of the nonlinear system (17) with chaos is 

given below: 
Control  equation 

 

 
Where  

 
Given 
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 , with 

 
 

Lyapunov equation 

 

 

 

 
 

  

Lyapunov exponent 

Before controlling 
 

 

 

Lyapunov exponent 

after controlling 
 

 

 

Initial condition  

 0.6,  0.7, 1,  0,  0.2,  0.1 , respectively 

Table.2 the result of CNN system 

Step 2: The nonlinear dynamic system with perturbation have been developed as follows:  

The robustness of the controller design in the presence of system perturbation and chaos are checked and simulated  as 

below using the designed parameters of table (1) for the perturbed system (18) 

Case (1)  

the perturbed matrices 

  

 ,  

 

 

 

 
 , So  

Select  such that (5) is satisfied 

  (23) 

Let , and since , . 

The condition (5) is satisfied 

Thus  

 

               (24) 

Class of stability of perturbation is stabilized in the class of admissible perturbation via a linear state feedback controller and 

condition (17) 
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The numerical simulation of the nonlinear controlled system is plots as follows: 

 
Fig (5) shows the stability of CNN with perturbation case(1) 

For similar result of case 1, the following case2 and 3 for different type of uncertainty are discussed in the following table (3.2) 

 

 Ca

se 
     Result 

1  

 

 

  

  

 0.6 

 

0.7 

Cond. 

(5) 

satisfied 

2  

 
 

 

 
 

 

 

0.8 

 

0.6 

Cond. 

(5) 

satisfied 

3  

 

 
 

 

0.6 

 

0.7 

Cond. 

(5) 

not 

satisfied 

Table (3) show the  different parameters 

 

 
Fig (6) stability of CNN with perturbation case(2)   Fig (7) shows the instability of case (3) 

  

Check the Lyapunov exponent after controlling for the nonlinear system for the three cases 
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Fig (8) shows the Lyapunov exponents after controlling for the three cases 

 

 Calculate the Rates of convergent for the CNN system: 

    In order to complete the qualitative behavior of  the CNN system with control for linear and non linear rate of convergence 

using the result of (14), the following steps is presented: 

Case 1: (Rates of convergence for linearized system after controlling) 

     For linearized system about a critical point [17] 

Consider CNN system with feedback controller design 

 
The linearization about critical point (0,0,0) is found as: 

The critical point of the system is (0,0,0) 

Define The Jacobian  matrix  

 then  

The numerical simulation of the linearized system  

, is plotted as: 

 
Fig (9) shows the stability of linearization of the CNN system 

Now to calculate the rate of convergent  for the linear system , define the Lyapunov function  

and   Where  and  A=  P is symmetric positive define matrix to be found as: 

 

 
From which we obtain, the follows 

   

Let us first find the eigenvalues  of  or solve , [17] 
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The result is  

Hence   

Case 2: (Non linear system after controlling) 

For the nonlinear system and on theorem (3.1) 

Calculate the Rates of convergent for the non linear system. By equation  (15) 

  

On using the parameters value from table (3.1) the following is obtained 

       (25) 

Set the unconstrained optimization problem for constrained optimization problem (17) as follows: 

 

Min( )  

 
Using the method of  Hook and Jeeves [19] of  unconstrained optimization the optimal values are found to be. Input the values 

of  the parameters  

 Min( ) =4.003 and the target time constant is equal to    
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